The secondary edge source line integral formulation for diffraction modeling uses edge sources with a 1/r dependency, in addition to a directivity function. At first sight, this might seem to contradict the expected 1= ffiffi r p behavior for the gradient near the edge of a thin screen. An analysis is presented for the special case of perpendicular plane wave incidence onto a thin screen, which shows that the secondary edge source formulation does indeed lead to the expected behavior close to the edge of an ideal wedge.
I. INTRODUCTION
Edge diffraction formulations have proven to be very useful in scattering studies. A recent integral equation formulation, which permits the computation of arbitrarily high orders of diffraction, has been shown to give consistent results down to 0 Hz for convex, rigid scatterers. 1 Low orders of diffraction have been employed also in highly complex geometries, using a time-domain formulation. 2 Also, comparisons between the boundary element method and an edge diffraction based formulation indicate the efficiency of the latter approach for outdoor sound propagation studies. 3 The field diffracted by an infinite wedge of arbitrary wedge angle, under point source excitation, is known to have a number of equivalent exact closed-form representations. Frequency-domain expressions include line integral formulations and infinite series expansions, [4] [5] [6] and time-domain expressions are also available in explicit forms, 7 referred to here as the BT-solution. Equivalently, these solutions can be expressed in a more physically intuitive form as a line integral over contributions due to directional secondary edge sources, for both the time-domain 8 and frequency-domain 9 cases. In representing the solution for the wedge diffraction problem it is natural to decompose the total sound field into three components: The direct field, the specularly reflected field (depending on the geometry, zero, one, or more specular reflections might exist), and the remaining diffracted field. The first two components are non-zero only in certain regions of the physical domain: The direct field is non-zero only for receiver positions with a direct line-of-sight to the source, and the specularly reflected field is non-zero only in regions where the receiver can "see" the relevant image source(s). The resulting discontinuities in these two components across the boundaries of the associated regions in which they are non-zero (i.e., across the shadow zone boundaries) necessarily make the last component, the diffracted field, discontinuous as well.
These discontinuities in the diffracted field across the shadow zone boundaries have been analyzed and described both for the traditional frequency-domain expressions and for the time-domain BT solution. 10, 11 Obviously, the secondary edge source line integral formulation must possess the same characteristics around shadow zone boundaries, and this has been verified in Ref. 12 .
The aim of this note is to verify that the secondary edge source formulation also possesses the correct near-edge behavior for the field and its gradient, both for the Neumann boundary condition and for the Dirichlet boundary condition. For simplicity the analysis will be limited to plane wave incidence on a thin screen (with exterior wedge angle h W ¼ 2p).
II. THE SECONDARY EDGE SOURCE LINE INTEGRAL
The diffracted field from an infinite edge, as caused by a monopole source, can be written as a line integral over contributions by secondary edge sources,
where ¼ p=h W is the wedge index (h W being the exterior wedge angle), z is a position along the edge, and m and l are distances from the edge point z to the source and receiver, respectively, 9 as illustrated in Fig. 1 . Furthermore, the factor b, which can be interpreted as a directivity function, has the following forms for the Neumann and Dirichlet boundary conditions, respectively (in both cases, both wedge faces have the same boundary condition),
where
the angles u i are
and the auxiliary function g is
with 0 h S ; h R 2p and r S ; r R ! 0 denoting the source and receiver positions in cylindrical polar coordinates centered on the edge. [Note that Eq. (2) corrects a sign error in the corresponding formula in Ref. 9 .] The function g can also be written in terms of local in-plane angles around the edge point z which therefore motivates why the b factors can be called directivity functions,
where u S is the angle between the edge, in the positive z-direction, and the line from the edge point z to the source. Similarly, u R is the angle between the edge, in the positive z-direction, and the line from the edge point z to the receiver, see Fig. 1 .
Since the only h R -dependence in Eq. (1) is in b,
From this one can compute the field gradient normal to the two wedge surfaces h ¼ 0 and
where n is assumed to point into the physical domain and the upper (þ) and lower (À) signs are required for h R ¼ 0 and
(1) satisfies the correct boundary conditions on the wedge surfaces in the Dirichlet and Neumann cases, respectively, is easily verified by noting that b D and @b N =@h R both vanish for h R ¼ 0 and h R ¼ h W .
A. Plane wave incidence perpendicular to the edge
For the special but important case of plane wave incidence perpendicular to the edge, the source and receiver are placed at z S ¼ z R ¼ 0, and u S ¼ p=2 (recall Fig. 1 ), so that
Because of symmetry, the integration range in Eqs. (1) and (3) can be halved. Furthermore, plane wave incidence implies that the 1=m spherical attenuation factor should be removed, and if one chooses to refer the phase of the diffracted sound pressure relative to the arrival time at the edge, the phase oscillation factor e Àjkm also disappears. In this case one obtains, with l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
In the case of a thin screen, for which h W ¼ 2p and ¼ 1=2, further simplification is obtained. In particular, Eq. (5) becomes
III. THE FIELD NEAR THE EDGE OF THE THIN NEUMANN SCREEN
The field near the edge of a thin Neumann screen ( ¼ 1=2) is expected to have a finite limit value. This will be verified below for two specific cases of plane wave incidence perpendicular to the edge: First perpendicular to the screen (h S ¼ p=2), and then along the screen (h S ¼ 0). In both cases the receiver will lie on the screen, i.e., with h R ¼ 0 or h R ¼ 2p.
A. Incidence perpendicular to the screen (h S 5p=2)
where, as above, the upper (þ) and lower (À) signs are required for h R ¼ 0 and 
which, by the change of variable z ¼ r R t, can be written
As kr R ! 0 this tends to the finite limit
The integral in this expression can be evaluated in closed form, e.g., by using a further change of variables v ¼ ffiffiffiffiffiffiffiffiffiffiffiffi 1 þ t 2 p À 1 to obtain the integral
These limiting values are as expected: The direct and specularly reflected fields sum to give the geometrical acoustics approximations p GA ¼ 2 and p GA ¼ 0 on the illuminated side (h R ¼ 0) and the shadow side (h R ¼ 2p), respectively, but near the edge (on either side) the total field should be p tot ¼ 1, which is fulfilled by a diffracted field of amplitude 71, respectively.
B. Incidence along the screen (h S 5 0)
For h S ¼ 0 and
with the same sign convention as above. When inserted in Eq. (6), with ¼ 1=2, this gives
and, after the change of variable z ¼ r R t, one obtains
As kr R ! 0 this tends to a finite limit
The same change of variables v ¼ ffiffiffiffiffiffiffiffiffiffiffiffi 1 þ t 2 p À 1 used above allows the integral in this expression to be evaluated as
so that once again, as expected,
IV. THE GRADIENT OF THE FIELD NEAR THE EDGE OF THE THIN NEUMANN SCREEN
The gradient of the field is expected to be singular at the edge. To investigate this, the behavior of the gradient across the extension of the screen (i.e., h R ¼ p) is considered, in the limit as the edge is approached. For brevity only incidence perpendicular to the screen (h S ¼ p=2) is considered.
First note that, for h S ¼ p=2 and h R ¼ p,
Then, ifñ is the normal vector to the line h R ¼ p pointing in the direction of increasing h R , it holds by Eq. (7) that
The further change of
Setting kr R ¼ 0 in Eq. (15) gives a convergent integral,
which, recalling Eq. (14), might at first suggest that the field gradient blows up like 1=r R as the edge is approached, in contradiction to the inverse square root singularity observed in other solution representations. 5 However, this apparent discrepancy is an illusion, because the integral in Eq. (16) is in fact equal to zero. This is easily checked by noting, using a change of variable v ¼ 1=w, that
The correct singular behavior can be recovered by a more careful asymptotic approximation of Eq. (15) in the limit as kr R ! 0, as will now be demonstrated.
First, for notational convenience, set :¼ kr R , so that
Then, splitting the integration range at v ¼ v Ã , for some 1 ( v Ã ( 1= ¼ 1=ðkr R Þ (to be specified later) and expanding the exponential and algebraic factors in the integrand into their respective asymptotic series (where this is valid) gives, as ! 0,
The first and second integrals on the right-hand side of Eq. (17) can be evaluated in closed form, and satisfy (recall v Ã ) 1)
The third integral can be estimated using integration by parts, and satisfies (recall v Ã ( 1)
while the fourth integral is easily estimated, with
Inserting these estimates in Eq. (17), taking v Ã ¼ 1= ffiffi p , and collecting like powers of , one finds that the leading order terms arising from the first and third integrals cancel, yielding the estimate
Consequently, recalling Eq. (14), the expected singular behavior 5 is obtained, namely,
Àj3p=4 ; kr R ! 0:
V. THE GRADIENT OF THE FIELD NEAR THE EDGE OF THE THIN DIRICHLET SCREEN
For the Dirichlet case, the diffracted field is zero on the screen, but the normal derivative of the field is expected to have an inverse square root singularity. Again, for brevity only the case of plane wave incidence normal to the screen (h S ¼ p=2) is considered. In this case, with h R ¼ 0 or h R ¼ 2p one finds that
where, as usual, the upper and lower signs are required for h R ¼ 0 and h R ¼ 2p, respectively. Hence, recalling Eqs. (4) and (7) and this corresponds to the known behavior. 5 
VI. CONCLUSIONS
The secondary edge source line integral for diffraction modeling has been analyzed with respect to the singular behavior near the edge of a thin screen, for the special case of plane wave incidence perpendicular to the edge. The analysis shows that the diffracted field at the edge of a Neumann screen has the limit value À1 in the illuminated zone, and þ1 in the shadow zone. The field gradient for the Neumann screen has the expected 1= ffiffi r p behavior near the edge in spite of the apparent 1=r-factor in the line integral. Similarly, the field gradient normal to a Dirichlet screen also has the correct 1= ffiffi r p singularity. A similar analysis should also be possible for wedges with exterior angles other than h W ¼ 2p, starting from the general expressions in Eqs. (6) and (7), but we expect the details to be more complicated, and we leave this for further studies.
